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Let G be a graph with edges E(G). A subset of the nodes dominates G if each node of 
G is either in or is adjacent to a member of the subset. The domination number of G, 
y(G), is the minimum size of a dominating set. In 1963, Vizing [3] conjectured that for 
all graphs G and H, y(G 0 H) 3 y(G)?(H) w h ere G @ H is the Cartesian product of 
G and H. We prove an analogous result for the fractional domination number. 
We can redefine y(G) as the value of the integer programming problem. For 
n-vectors x and y, let x 2 y (X < y) mean Xi > yi (xi < yi) for all i. Let 1, and 0, be the 
n-vectors whose components are all one or all zero, respectively. If N(G) is the 
neighborhood matrix of G (the adjacency matrix plus the identity matrix), then 
y(G) = min lb,x subject to x 2 O,,,, N(G)x 3 l,,, and x is integer. (1) 
X 
Let ys(G) (the fractional domination number of G) be the value of (1) without the 
integrality constraints (Farber [ 11): 
yf(G) = min l&x subject to x 2 O,,, and N(G)x 2 l,,,. (2) 
X 
The dual of this linear programming problem gives another formulation for y,.(G), 
y/(G) = max lL,x subject to x 2 O,,, and N(G)x d l,,,. (3) X 
This paper uses two graph products (see Fig. 1). Let G and H be graphs. Then the 
Cartesian product of G and H, G @ H has (GJ (H) nodes with [(a, b), (c, d )] 
E E(G @ H) if either a = c and [b, d] E E(H), or b = d and [a, c] E E(G). The strong 
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G= I H= - G@H=II] G.H=m 
Fig. 1. The Cartesian product and the strong direct product. 
direct product of G and H, G. H, also has 1 G ) (H 1 nodes with [(a, b), (c, d )] E E(G . If) 
if a = c or [a,~] EE(G), and b = d or [b,d] EE(H). 
Let P and Q be matrices. Then the tensor product of P and Q is 
1 Pll Pl2 ... Pl” 
8 
1: : 
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The Lemma lists some properties of the tensor product needed to prove the Theorem. 
Lemma. Let P be an m x n matrix, Q be an s x t matrix, x and z be n-vectors, and y and 
w be t-vectors. Then 
(1) (P @ Qk 0~) = (Px) 0 (QY). 
(2) Ifx~z~0,andy~w>0,,thenx@y~z~w. 
(3) Let G and H be graphs. Then N(G. H) = N(G) 0 N(H). 
Theorem. For all graphs G and H, yr(G.H) = yf(G)~f(H). 
Proof. Let x and y be vectors solving (3) for G and H, respectively. Then 
N(G.H)(x 0~) = (N(G) 0 N(H))+ 0 Y) = (N(G)4 0 (N(H)y) < I,,, 0 llH, 
= l,C, IHI’ 
So x 0 y is a feasible solution of (3) giving 
~r(G.ff) 2 l:t, ,& 0~) = 
= IJ/(G)Y~(W. 
Similarly, let z and w be vectors 
N(G.H)(zO w) = (N(G)@ 
= $1 IHI’ 
q-J 0 l&)(x OY) = (l;G,x) 0 (l>,Y) 
solving (2) for G and H, respectively. Then 
N(H))(z 0 4 = W(G)4 0 (N(H)4 2 I,,, 0 I,,, 
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So z @I w is a feasible solution of (2) giving 
yr(G.W s ‘fG, ,H, (2 0 w) = ($0 &)(z 0 w) = ($,z) oc1;$4 
= Y~(G)Y#U. 
Thus ys(G.W = rr(G)y/(W 0 
Since N(G @I H) < N(G. H), the Corollary follows. It is a well-known (but unpub- 
lished) fractional version of Vizing’s conjecture which, unfortunately, does not imply 
Vizing’s conjecture. These result also can be contrasted with Fisher [2] who showed 
Y(G.H) 3 y(G)yf(H) and hence y(G off) B y(G)y,-W). 
Corollary. For all gqhs G and H, Y~(G 0 H) 3 ~f(G)yf(H). 
The inequality in the Corollary is sharp. For k > 2, let %k be the set of graphs with 
nodes { 1,2, . . . . 2k) where the subgraph induced by { 1,2, . . ., k} has no isolated nodes, 
and for 1 < i < k, node i + k is connected only to node i. Then for all G ~9~ and 
H E%,, we have yf(G) = k and yJ(G 0 H) = kl. 
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